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Cosmological ¢*, ¢°, and Sine-Gordon Theories with
Broken Symmetry
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Particular solutions to the Einstein equations with cosmological constant are
presented and discussed for an isotropic, spatially homogeneous, and spatially
flat space-time in the case that the matter fields are ¢*, ¢°, and sine-Gordon
fields.

1. INTRODUCTION

The study of quantum field theory in curved space-time has become
increasingly relevant since the introduction of the inflationary universe scen-
arios. The theory is normally formulated in flat space-time, but the behavior
in a curved space-time may be vastly different in several important aspects.
In this paper, we describe a particular solution to the Einstein equations for
a spatially flat (k=0) Robertson-Walker space-time. The matter content is
a real scalar field, possessed of a self-interaction according to the Lagrangian
(Linde, 1979)

F=58¢ 0.~ V($) (L1
The metric is
Guo dx" dx®=df — R¥()(dx* + dy* +dz*) (1.2)

The Euler-Lagrange equation obtained by varying the action S
S=JAdx4\/—g§f (1.3)
is
Ce+ V(¢)=0 (1.4)
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Here overdots denote a partial derivative with respect to time,
Ug=8".0,  g=det(gu) (1.5)

A semicolon denotes a covariant derivative.
If the scalar field is required to share the symmetry of the space-time,
then ¢= ¢ (¢) and (1.4) becomes (with ¢ =d¢/dr)

. R . .
¢+3E¢+U(¢)=0 (1.6)
The energy-momentum tensor is obtained by functional differentiation

of the action (1.3) with respect to the metric tensor (Birrell and Davies,
1982), that is,

T., T% S‘ZS (17
which yields
To=0up 009~ LG (1.8)
The Einstein equations
Ruo+ 38R = Tos = Agus (1.9)

where R,,, R, T,,, and A are the Ricci tensor, Ricci scalar, energy-
momentum tensor, and cosmological constant, respectively, give the two
independent equations

30’ =34+ V(9) +A (1.10)
200 +30%=~3¢>+ V(¢)+ A (1.11)

where (7) is defined by R(f) =e”".

The Bianchi identities T*’,=0 are trivially satisfied since ¢ satis-
fies (1.4).

In other words, not all of equations (1.6), (1.10), and (1.11) are inde-
pendent, which can be seen explicitly upon substitution of (1.10) in (1.11)
to get

h=—3¢ (1.12)
Now multiplication of (1.6) by ¢ with the use of (1.12) results in
dé+ V=600 (1.13)

which integrates immediately to become (1.10), where the constant can be
taken to be A.
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2. ¢* FIELD
Suppose (Linde, 1979)
V(¢)=3m¢>+idg* (2.1)
The Einstein equations are
307 =3¢+ 5m’¢ >+ 32¢ + A 2.2
20 +30°=—3§ +3m’p >+ 1A+ A (2.3)

It can now be shown that (2.2) and (2.3) admit a solution for ¢ of the
form ¢ =k ¢” with k and p real constants; using this form of ¢ in (1.12)
yields

o =—3(k* ¥ —¢), c=const 24

Substituting in (2.2) and (2.4) and equating powers of ¢ shows that
the solution must have

A=3c, p2+m2=——%pc, A= %pz (2.5)

Suppose that we now choose A>0 and 1>0 and take p>0 and ¢>0,
so that p=2(1/3)"/% Then, writing k= ¢o(t=0), the solution is written as

¢ (1) = ¢o exp[2(1/3)"1] (2.6)
R(1)=Roexp{($5/8){1—exp 4[(2/3)" "1} +(A/3)’t}  (2.7)

where the constant obtained in the course of integrating equation (2.4) has
been chosen so that

R(t=0)=R,

Equations (2.5) show that Sgn{m’} =—Sgn{A}, so that the field is in a
state of broken symmetry, with the minima of the potential energy V(¢)=
i’ + iA¢* located at ¢ == (u/-/2), where > =—m? (Linde, 1979).

One thus expects that asymptotically ¢ — + (u/+/A). Examination of the
solutions (2.6) and (2.7) shows that this is not the case. In fact, as t - — o0,
¢ — 0 and R — 0 (the solution is thus asymptotically static). Also, both ¢
and R are finite as 1 — 0. There is a singularity as ¢ —» cc, ¢ — o0, and R — 0.

We may also take p<0 and ¢ <0, so that p=—2(A/3)"% The solution
may be written as

¢ (1) = o exp[—2(2/3)"1] (2.8)
R(1) =R, exp{(¢3/8){1 —exp[—4(A/3)' %]} — (A/3)" 1} (2.9
Equation (2.5) shows that Sgn{m’} =—Sgn{4}.
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It can be shown that as - o0, ¢ and R — 0 (the solution is thus asymp-
totically static). Also, both ¢ and R are finite as ¢ — 0. There is a singularity
ast——o, ¢ —> o0, and R—0.

Suppose that we now choose A=0, A>0, and take p>0 or p<0, so
that p=+2(1/3)"/%. The solution may be written

& (£) = do exp[£2(1/3)""%1) (2.10)
R(1)=Ro exp{(¢5/8){1 ~exp[+4(4/3)"*1]}} (2.11)

It can be shown that as 1 — o0, ¢ — o0 (0) and R —0 (R, exp ¢3/8); the
solution is thus singular (asymptotically static). Also, both ¢ and R are finite
as t —» 0. The solution is asymptotically static (singular) as r—»—c0, ¢ -0
(c0), and R — Ry exp ¢3/8 (0).

Conclusion: The energy density on the right-hand side of equation (2.2)
becomes infinite there.

3. ¢° FIELD
Suppose
V(¢)=3m’¢p>+ik¢*+3ig° (3.1
The Einstein equations are
30° =3¢+’ p7+ 1A  + P+ A (3.2)
20 +30°= 3>+ smPPp 2+ sAp P+ A (3.3)

It can now be shown that (3.2) and (3.3) admit a solution for ¢ of the
form ¢ =k ctgh pt. With &k and p real constants, using this form of ¢ in
(1.12) yields

. 1472 1 3
@ =3k"p(3 ctgh” pt—ctgh pt)+¢
’ (3.4)
¢ =const

Substituting in (3.2) and (3.4) and equating powers of ctgh pt shows
that the solutions must have

c=0, [=3p’/k, A=-3Kp’, m’=-k(i+3p) (3.5)

Suppose that we now choose />0 and A <0 and take p>0 or p <0, so
that p=£2"2(—IA)"*. Then, writing k= ¢o=¢ (1 > £ 0), we can write the
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solution as
¢ (1) = ¢o ctgh[+2"*(—IA)/*] (3.6)
R(1)= Ry exp{—3k*{In sinh[+2"*(—IA)"/*1]
+4 ctgh’[£2V2(—IA) 41} + ¢} (3.7

where the constant obtained in the course of integrating equation (3.4) has
been chosen so that

K .
R(t=1p) =Ry, o= 3 (In sinh pty + i ctgh® pto)

Equations (3.5) show that Sgn{m’} = —Sgn{A+/}. Thus, the field is in
a state of broken symmetry with the minima of the potential energy

V(@)= b+ 6+ lig"

! 2(2 u2>1/2}1/2
S PR A
? [ 2{ <4l2 {

where u”>=—m". One thus expects that asymptotically

2 22 1/241/2
| -Z+ 2 +5
- { 2 (412 1) :|
Examination of the solutions (3.6) and (3.7) shows that this is not the
case. In fact, as t » +o0, ¢ — ¢p (—¢o) and R — 0 (singularity). As f - —c0,
¢ — —do (¢y) and R - singularity (0). As t >0, ¢ » co and R— 0. Hence,

the energy density on the right-hand side of equation (3.2) becomes infinite
there.

located at

4. SINE-GORDON FIELD
Suppose (Rajarreman, 1975)

V(¢)=%(1—c08ﬁ¢) 4.1)
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The Einstein equations are

3a2=%¢32+% (1—cos B¢)+A (4.2)

2d)+3a)2=—%¢2+%(1—cosﬁ¢)+A (4.3)

It can now be shown that (4.2) and (4.3) admit a solution for ¢ of the
form

2
== (cos” tgh pr+ 7k)
B
with £ and p real constants. Using this form of ¢ in (1.12) yields
2
o= —ﬂ—li tgh pt+ec, c=const 4.4

Substituting in (4.2) and (4.3) and equating powers of tgh pt shows that the
solution must have

122 2
c=0, A= 2{: , p2+05ﬁ=—§p—2
B B

Comparing the sine-Gordon field with the ¢* field, we easily obtain
m”= a . Suppose that we now choose A >0 and take p>0 or p<0, so that
p==+35B*(A/3)". Then by writing /8= ¢o=¢(t=0), we can write the

solution as
=,2_ -1 ﬁ_z (A_)l/z } }
¢ (1) 5 {cos tgh[i— 7 \3 t|+kn (4.6)

5 172
R(H) =Ry exp {— Bz-z— In cosh ‘:ﬂ:—ﬁz— <%> tJ} 4.7)

where the constant obtained in the course of integrating equation (4.4) has
been chosen so that R(t—0)=R,. Equation (4.5) shows that Sgn{m’} =
—Sgn{p*}, so that the field is a state of broken symmetry with the minima
of the potential energy V(¢)=(a/B)(1—cos B¢) located at ¢ =+n/B. One
thus expects that asymptotically ¢=+x /8. Examination of the solutions
(4.7) and (4.6) shows that this is not the case. In fact, as t — o0, ¢ - 2kn/
Bl(2xn/B)(k+1)] and R— 0 (0). Also both ¢ and R are finite as 1 —0. As
t—>—w, ¢ -2x/Bk+1) 2kn/B) and R — 0 (0). Hence, the energy density
on the right-hand side of equation (4.2) becomes infinite as k — 0.

4.5)
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5. CONCLUSIONS

The Lagrangians in equation (1.1) are often encountered with positive-
definite mass terms in discussions of symmetry breaking. Although the solu-
tion given here can be assumed to be extremely typical of cosmologies con-
taining broken-symmetric matter fields, it is possible that the existence of
the above solutions may have consequences for discussions of symmetry
breaking in a cosmological context.
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